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We describe a scheme for probing a gas of ultracold atoms trapped in an optical lattice and
moving in the presence of an external potential. The probe is non-destructive and uses the existing
lattice fields as the measurement device. Two counter-propagating cavity fields simultaneously set
up a conservative lattice potential and a weak quantum probe of the atomic motion. Balanced
heterodyne detection of the probe field at the cavity output along with integration in time and
across the atomic cloud yield information about the atomic dynamics in a single run. The scheme
is applied to a measurement of the Bloch oscillation frequency for atoms moving in the presence of
the local gravitational potential. Signal-to-noise ratios are estimated to be as high as 104.
PACS numbers: 03.75.Lm, 37.10.Jk, 37.30.+i, 42.50.Ct
I. INTRODUCTION
The simulation of many-body models using gases of
ultracold atoms trapped in optical lattices [1] has been
successful in investigating many systems in condensed-
matter physics. Band physics in gases of non-interacting
Fermi gases in periodic potentials has been studied [2],
quantum phase transitions such as the Mott insulator
to superfluid transition have been observed [3], and
strongly-correlated physics such as in one-dimensional
systems [4, 5] has been investigated. In these exper-
iments, techniques such as time-of-flight measurements
and Bragg spectroscopy are typically employed to probe
atomic states and dynamics in optical lattices.
In this paper, we present an alternative method for op-
tically probing atomic gases in optical lattices subject to
an external potential. The method is in situ and non-
destructively measures properties of the atomic motion
via weak-coupling to the existing lattice fields. The tech-
nique satisfies three main goals. The probe is weak so
that the atoms can be continuously monitored without
affecting their dynamics; the existing lattice fields are
employed as the probe, so that no external interrogation
fields are necessary; and the signal-to-noise-ratio (SNR)
is large enough for experimental detection. In a ring-
cavity, two counter-propagating running-wave modes in-
teract with a gas of ultracold atoms and simultaneously
set up both a conservative, external lattice potential for
the atoms and a weak, quantum optical probe of the
atomic center-of-mass dynamics. The probe field leaks
out of the cavity and is detected with a balanced hetero-
dyne scheme at the cavity output.
This method is in a sense dual to strong measurement
schemes such as time-of-flight absorption imaging and
Bragg spectroscopy. In these schemes, light from a strong
source is either absorbed by or scattered off of the atomic
cloud. This allows for high resolution images and a strong
signal using only a single measurement, but the atomic
sample is destroyed in the process. Here, the probe field
is very weak so that a continuous measurement is made
without affecting the atomic dynamics. Integration of
the signal in time and across the atomic cloud yields
measurements of dynamical properties of the atoms with
a measurable SNR in a single experimental run at the
price of losing information about individual atoms and
real-time dynamics.
The procedure is similar in nature to recent propos-
als for optical detection of many-body atomic states.
In one scheme, a weak probe beam is scattered off
of atoms trapped in an optical lattice into a cavity
mode, and signatures of many-body states such as Mott
insulators and superfluids appear in the out-coupled
fields [6]. In another, atoms in a lattice interact with
two-counter-propagating ring-cavity modes, and atomic
number statistics can be inferred from the behavior of
the cavity fields [7].
Related techniques have been applied to nondestruc-
tive optical measurements of Rabi oscillations in gases of
Cs atoms [8], of the Cs clock transition pseudo-spin [9],
and of nonlinear dynamics in cold gases [10]. In addi-
tion, state preparation such as atomic spin squeezing via
measurements on out-coupled cavity fields has been pro-
posed [11, 12, 13]. Finally, it has been demonstrated that
the motion of individual atoms in an optical cavity can
be tracked by the transmission of a probe field [14].
We here provide a test of the technique for the con-
ceptually simple motion of non-interacting atoms in an
optical lattice driven by a constant force, which leads to
Bloch oscillations [15]. Besides its simplicity, this choice
is motivated by the fact that Bloch oscillations can be
viewed as a general probe for investigating quantum gases
in optical lattices. These oscillations may be used in the
measurement of fundamental constants [16], to provide
levels of precision up to δg/g ≈ 10−7 in the measure-
ment of the acceleration of gravity [17, 18, 19, 20], and to
measure Casimir forces on small length scales [21]. When
interactions are significant, damping and destruction of
Bloch oscillations provide information on correlation-
induced relaxation processes [22, 23, 24, 25, 26]. Finally,
this investigation is a jumping-off point for other optical
measurement schemes, such as periodically driven lat-
tices that act as a spectroscopic probe of the atomic mo-
2FIG. 1: (Color online.) Schematic of the coupled atom-cavity
system. In-coupled lasers set up two counter-propagating
fields within the cavity. The atoms interact with the cav-
ity fields via the optical dipole potential. Photons from the
cavity beams exit the cavity through the mirrors at a rate κ.
tion [20].
The paper is organized as follows. In Sec. II, we
present the details of the system and detection scheme.
In Sec. III, we apply this scheme to the detection of
Bloch oscillations in an optical lattice. In Sec. IV, we
summarize the main results of the paper and conclude
with prospects for measurements of many-body proper-
ties of gases of ultracold atoms trapped in optical lattices.
II. MODEL AND DETECTION SCHEME
Since the mathematical details of the system and de-
tection scheme are somewhat complicated, we briefly out-
line the physical basis of the model and approximations
used. This includes a discussion of obstacles in the way of
satisfying the goals outlined above, avoiding these prob-
lems, and the conditions required for the method to work.
To set up a conservative lattice potential, many pho-
tons must be present in the cavity field so that fluc-
tuations can be neglected, and this necessitates strong
pumping from the in-coupled lasers. On the other hand,
the probe field amplitude must be small enough so that
it does not affect the atomic dynamics, requiring weak
pumping. In addition, the probe and lattice fields couple
to each other through the scattering of photons off of the
atoms. This acts as an extra source for probe dynamics.
The probe field is then not a direct measure of atomic
dynamics and can act back on the atoms, altering the
properties we are attempting to measure.
We can circumvent these problems by first choosing
the relative phase on the in-coupled lasers so that only
one of two standing-wave modes in the cavity is pumped.
Strong pumping and the properties of a bad cavity –
where the fields are at all times in steady state – ensure
that the pumped mode acts as a lattice potential. The
other standing-wave mode is not pumped. Any field leak-
ing out of the cavity from this mode arises solely because
of events occurring in the cavity, and it can therefore act
as a probe for system dynamics.
Ensuring that the non-pumped mode acts as a probe
of atomic dynamics requires that two conditions be met.
The probe must have as its source only the motion of
the atoms. This means that any probe dynamics due to
the effective coupling to the lattice field must be small
compared to that induced by the motion of the atoms.
The back-action of this mode on the atoms must also be
negligible. Any atomic motion induced by coupling to
the probe field must be small compared to the motion
induced by both lattice and external potentials.
Two conditions are also required for the pumped field
to act as a conservative lattice potential. The back-action
of the atoms on the lattice field must be negligible, mean-
ing that deviations from the mean field amplitude caused
by coupling to the atoms is small compared to the mean
field amplitude itself. In addition, any atomic motion in-
duced by fluctuations away from the mean lattice field
must be small compared to that induced by the external
potential, since this is exactly the dynamics we want to
measure.
The scheme is realized in the setup illustrated in Fig.
1. We consider Na ground-state atoms interacting with
two counter-propagating running-wave cavity modes in
a ring resonator setup. The two modes of the cavity
have frequency, ωca, and wave vectors, ±kcazˆ. The
two cavity modes are coherently pumped at a detun-
ing, ∆p = ωL − ωca, where ωL is the frequency of the
pumping lasers. Photon decay through the cavity mirrors
is treated within the Born-Markov approximation. We
treat the atom-cavity-field interaction in rotating wave
and dipole approximations. The cavity-modes are far-
detuned from atomic transitions.
A. Model
The effective Hamiltonian for the coupled atom-cavity
system is given by
3Hˆ =
∑∫
dz Ψˆ†(z)
(
− ~
2
2m
d2
dz2
+ Vext(z)
)
Ψˆ(z) +
∑
k=±kca
(
~ηaˆk + ~ηaˆ
†
k − ~∆paˆ†kaˆk
)
+
∫
dz Ψˆ†(z) ~g0
(
aˆ†kcae
−ikcaz + aˆ†−kcae
ikcaz
) (
aˆkcae
ikcaz + aˆ−kcae
−ikcaz
)
Ψˆ(z). (1)
Here, Ψˆ is the atomic field operator, and aˆk is the anni-
hilation operator for the cavity mode, k. The parameter,
m, is the the mass of the atom, g0 is the two-photon
atom-cavity coupling, and η is the strength of the cavity
field pumping, taken to be real. Due to the far detuning
of the cavity fields from the atomic transition, excited
states of the atom have been adiabatically eliminated,
and the atoms couple to the field intensity. The three
terms in Eq. (1) are respectively the atomic kinetic en-
ergy and external potential, the bare cavity mode Hamil-
tonian, and the atom-cavity interaction. Cavity losses
through the cavity mirrors are treated via a master equa-
tion with Liouvillian,
Lˆρˆ = −~κ
2
∑
k=±kca
(
aˆ†kaˆkρˆ+ ρˆaˆ
†
kaˆk − 2aˆkρˆaˆ†k
)
, (2)
where ρˆ is the reduced density matrix for the atom-cavity
system, and κ is the cavity linewidth.
We perform a canonical transformation of the cavity
mode operators to symmetric and anti-symmetric modes,
bˆ± =
aˆkca ± aˆ−kca√
2
. (3)
The bare cavity Hamiltonian in terms of these operators
is given by
Hˆca =
√
2~η
(
bˆ+ + bˆ
†
+
)
− ~∆p
(
bˆ†+bˆ+ + bˆ
†
−bˆ−
)
. (4)
The symmetric mode, bˆ+, is pumped by the in-coupled
lasers whereas the anti-symmetric mode, bˆ−, is not. The
bˆ+ mode has a mode function proportional to cos (kcaz)
and sets up the lattice potential, as follows.
The equation of motion for the symmetric field ampli-
tude is
i
d〈bˆ+〉
dt
=
(
−iκ
2
−∆p
)
〈bˆ+〉+
√
2η
+ 2g0
∫
dz cos2 (kcaz)
〈
bˆ+Ψˆ
† (z) Ψˆ (z)
〉
+ ig0
∫
dz sin (2kcaz)
〈
bˆ−Ψˆ
†(z)Ψˆ(z)
〉
. (5)
We perform another transformation to a fluctuation op-
erator, dˆ+ = bˆ+ − β, leaving the anti-symmetric mode
unchanged, dˆ− = bˆ−. The mean steady-state amplitude,
β, is given by
β = 〈bˆ+〉 =
√
2η
∆p − 2g0C(0) + iκ/2 , (6)
where
C(t) =
∫
dz cos2 (kcaz)
〈
Ψˆ†(z, t)Ψˆ(z, t)
〉
, (7)
Assuming that the atom-field correlations factorize
between atomic and field operators, e.g. 〈dˆ+Ψˆ†Ψˆ〉 =
〈dˆ+〉〈Ψˆ†Ψˆ〉, the equations of motion for both dˆ+ and dˆ−
are given by
i
d〈dˆ−〉
dt
=
(
−∆p + 2g0S(t)− iκ
2
)
〈dˆ−〉
− ig0
(
β + 〈dˆ+〉
)
S2(t), (8)
and
i
d〈dˆ+〉
dt
=
(
−∆p + 2g0C(t)− iκ
2
)
〈dˆ+〉
+ ig0〈dˆ−〉S2(t) + 2g0β (C(t)− C(0)) , (9)
where
S(t) =
∫
dz sin2 (kcaz)
〈
Ψˆ†(z, t)Ψˆ(z, t)
〉
, (10)
S2(t) =
∫
dz sin (2kcaz)
〈
Ψˆ†(z, t)Ψˆ(z, t)
〉
. (11)
Finally, the equation of motion for the atomic field oper-
ator is given by
4i~
dΨˆ(z)
dt
=
(
− ~
2
2m
d2
dz2
+ Vlat(z) + Vext(z)
)
Ψˆ(z) + i~g0
(
β∗dˆ− − βdˆ†− + dˆ†+dˆ− − dˆ†−dˆ+
)
sin (2kcaz) Ψˆ(z)
+ 2~g0 dˆ
†
−dˆ− sin
2 (kcaz) Ψˆ(z) + 2~g0
(
dˆ†+dˆ+ + βdˆ
†
+ + β
∗dˆ+
)
cos2 (kcaz) Ψˆ(z), (12)
where Vlat(z) = V0 cos
2 (kcaz) is a conservative lattice
potential of depth, V0 = 2~g0|β|2.
Aside from the conditions involving the external po-
tential, the goals of simultaneously setting up both an
optical lattice potential and a weak probe require that
the inequalities,
|〈dˆ±〉| ≪ |β|, (13)
are satisfied. This can be verified by examining equations
(8), (9), and (12). These are necessary conditions, but
finding the exact criteria for neglecting the back-action
requires a more careful analysis of the problem, includ-
ing numerical simulations. This is left for future work.
Ensuring that both the probe and the lattice fluctuations
induce atomic motion that is negligible compared to that
induced by the external potential requires explicit knowl-
edge of the form of Vext and will therefore be left for the
next section.
The two conditions in Eq. (13) can be be made more
explicit. Equations (8) and (9) imply the scaling rela-
tions,
〈dˆ−〉 ∼ g0βS2(t)
κ
, (14)
〈dˆ+〉 ∼ g0β (C(t)− C(0))
κ
, (15)
so that the two conditions are respectively equivalent to
|g0S2(t)| ≪ κ and |g0 (C(t)− C(0)) | ≪ κ. When these
are satisfied, we may neglect Eq. (9) altogether. In ad-
dition, Eq. (8) can be solved approximately since in this
limit 〈dˆ−〉 adiabatically follows the atomic motion. Fi-
nally, we have ensured that both fluctuations in the lat-
tice and the back-action of the probe field on the atoms
can be neglected. We need then only keep the first term
in Eq. (12).
With these approximations in hand, the equation of
motion for the atomic field operator is
i~
dΨˆ(z)
dt
=
(
− ~
2
2m
d2
dz2
+ Vlat(z) + Vext(z)
)
Ψˆ(z), (16)
and the probe field amplitude is given by
〈dˆ−(t)〉 = −ig0β
∆p − 2g0S(t) + iκ/2S2(t). (17)
These equations comprise a complete description of the
coupled atom-cavity dynamics.
To the extent that the atoms are in the same center-
of-mass state, |ψ(t)〉, satisfying Eq. (16), we can in Eq.
(17) make the replacement,
S2(t)→ Na〈ψ(t)| sin(2kcazˆ)|ψ(t)〉. (18)
B. Detection scheme
Through Eq. (17), 〈dˆ−〉 provides a measure of the
atomic dynamics within the cavity. In [12], two schemes
for detection of atomic motion using the out-coupled cav-
ity fields were presented. We here briefly review the supe-
rior case, where heterodyne detection of dˆ− is performed
by beating the field against a strong local oscillator, as
illustrated in Fig. 2.
According to input-output theory [27], the field at the
cavity output is proportional to
dˆout =
√
κ dˆ− + dˆin. (19)
By beating this field against a strong local oscillator,
these photons can be detected with unit efficiency. The
input field state is the vacuum, in which case 〈dˆout〉 =√
κ 〈dˆ−〉. The resulting signal is the difference signal at
the output of the photo-detectors, given by
V (t) ∝ Im(√κ α∗LO〈dˆ−〉(t)), (20)
which is a product of |αLO| with
qˆ− = e
−iφLO dˆ− − eiφLO dˆ†−, (21)
a quadrature of the anti-symmetric mode field. The local
oscillator amplitude is αLO = |αLO|eiφLO . The SNR is
the ratio of the signal power to signal variance, given by
SNR =
∫
dω |√κ 〈qˆ−〉(ω)|2. (22)
The integrand is proportional to the power spectrum,
S(ω), of the signal current in Eq. (20).
III. RESULTS
In this paper, we consider the motion of atoms confined
in the optical lattice in the presence of gravity,
Vext(z) = mgz, (23)
5FIG. 2: (Color online.) Schematic of the balanced heterodyne
detection scheme. The out-coupled cavity beams, aˆ±kca , are
combined to form symmetric (bˆ+) and anti-symmetric (bˆ−)
modes. The antisymmetric mode beats against a strong local
oscillator (LO), aˆLO and photodetectors count the number
of photons in the quadratures of bˆ−. The difference of these
counts is the signal.
and use the scheme outlined in the previous section to
probe the motion of the atoms. Gravity measurements
are important for instance for optical lattice clocks [28].
For this reason, we treat the specific system of a gas
of 87Sr atoms, though the method certainly applies to
many species of atoms. The parameters for the coupled
atom-cavity system are chosen to reflect current exper-
imental conditions. They are λca = 2pi/kca = 813 nm,
~κ = 100ER, ∆p = 0, ~g0 = 10
−4ER, and Na = 10
4,
implying derived parameters of ER ≈ 2pi 4 kHz ~ and
mgd ≈ 0.25ER; ER = ~2k2ca/2m is the recoil energy of
the lattice, and d = pi/kca is the lattice spacing.
We have to ensure that the back-action of both dˆ− and
dˆ+ on the atoms is still negligible. Specifically, the cou-
pling strengths in Eq. (12) must be small compared to
the characteristic coupling strength of Vext, ~ωB = mgd.
These conditions are met if |g0β|2S2(t)/κ ≪ ωB and
|g0β|2|C(t)− C(0)|/κ≪ ωB. These inequalities are well-
satisfied for the parameters above. Again, while these
conditions are necessary, the exact criteria for being able
to neglect the back-action of the fields on the atoms re-
quires more careful numerical study, which will be left
for future work.
Within this setup, we envision an experiment in which
the atoms are initially loaded into a harmonic trap. A
vertical one-dimensional optical lattice is slowly ramped
on so that the atoms are in the ground state of the com-
bined potential of trap and lattice for a non-interacting
gas. The trap is then switched off, and the gas is allowed
to evolve under gravity. In the presence of such a con-
stant force, the atoms undergo Bloch oscillations. This
dynamics is briefly reviewed in the following discussion.
A. System Dynamics
The central result of the theory describing Bloch os-
cillations is based on a semi-classical equation of mo-
FIG. 3: Example of system dynamics for V0 = −3ER and
initial state a Gaussian of width σ = 2d projected into the
first band. (a) Atomic density in the first band plotted ver-
sus quasi-momentum. White corresponds to zero population,
black to maximal population. Population in the second band
is at most 0.001Na . (b) Expectation value of atomic momen-
tum reflecting Bloch oscillations. (c) Number of photons in
the probe field.
tion [15], which states that the average quasi-momentum
of a wave-packet restricted to the first band increases
linearly in time until it reaches the Brillouin zone (BZ)
boundary, at which point it is Bragg-reflected. Explicitly,
this is
~〈q〉(t) = ~〈q〉(0) +mgt, (24)
where the quasi-momentum, q, is restricted to the range,
−kca/2 ≤ q ≤ kca/2. Since the group velocity of the
atomic wave-packet is given by the derivative of the dis-
persion relation [15], the periodic nature of the quasi-
momentum implies that the atomic momentum oscillates
at a frequency, ωB = mgd/~. These Bloch oscillations
will persist as long as there is negligible Landau-Zener
6tunneling to higher bands. Each time the wave-packet
reaches the BZ boundary, a fraction of population is
transferred to the second band, given by [29]
PLZ = exp
(
−pi
2
8
∆2
mgdER
)
, (25)
where ∆ is the band-gap at the boundary. When ∆2 <
4mgdER, the population transfer is appreciable, and vi-
brational dynamics significantly alter the behavior of the
atoms. For this reason, we restrict our attention to lat-
tice depths greater than 3ER, where PLZ is at most 10
−5
for our choice of parameters.
In order to understand how Bloch oscillations are re-
flected in the time-dependence of the probe field, we care-
fully consider Eq. (17). The operator, sin(2kcazˆ), is peri-
odic in space with period d and has odd parity, implying
that it connects two Bloch states, |ψ(n)q 〉 and |ψ(n
′)
q′ 〉, only
if the quasi-momenta are equal, q = q′, and the bands
satisfy n− n′ = odd. Taking
|ψ〉 =
∑
n,q
c(n)q |ψ(n)q 〉, (26)
we can write the matrix element in Eq. (17) approxi-
mately as
〈ψ| sin(2kcazˆ)|ψ〉 ≈
∑
q
ρ(1,2)q,q + h.c., (27)
where ρ
(1,2)
q,q = c
(1)∗
q c
(2)
q is the coherence between bands
one and two. This assumes an initial state confined to
the first band in the case of negligible coupling to bands
three and higher. Using Eq. (16), we can derive an
approximate equation of motion for the coherence; it is
i
dρ
(1,2)
q,q
dt
= ∆(1,2)q ρ
(1,2)
q,q + ωBρ
(1)
q , (28)
where ρ
(1)
q is the population of the q-quasi-momentum
state in the first band, and ~∆
(1,2)
q = E
(2)
q − E(1)q is the
energy difference between the q-quasi-momentum Bloch
states in the first two bands. Since ∆
(1,2)
q ≫ ωB, the
coherence follows the first-band population adiabatically.
In this approximation, ρ
(1,2)
q,q = −ρ(1)q ωB/∆(1,2)q .
Combining this expression for a wave-packet that is
narrow in quasi-momentum with Eq. (24), Eq. (17) ap-
proximately becomes
〈dˆ−(t)〉 ≈ ig0βNa
∆p − 2g0S(t) + iκ/2
ωB
∆
(1,2)
mgt
. (29)
This expression implies that the probe field amplitude is
largest when the atomic wave-packet is centered at the
BZ boundary since ∆
(1,2)
mgt is smallest at this point.
Equations (16) and (17) are numerically integrated for
an initial state that is a Gaussian of spatial width, σ, pro-
jected into the first band. This approximates the ground
FIG. 4: Examples of the (a) signal power and (b) signal power
spectrum, computed with parameters, V0 = −3ER, ~g0 =
10−4ER, Na = 10
4, and ~κ = 100ER. The signal displays a
clear oscillation at the Bloch frequency, ωB = 0.25ER/~.
state of the combined potential of lattice and harmonic
trap for a non-interacting gas. An example of the sys-
tem dynamics is illustrated in Fig. 3, where V0 = −3ER,
and σ = 2d. A vertical slice through Fig. 3(a) is the
wave function density in the first band plotted versus
quasi-momentum at an instant in time. The center of
this wave-packet moves linearly in time and is reflected
at the BZ boundary (q = kca/2), as in Eq. (24). Bloch
oscillations are illustrated in Fig. 3(b), where the atomic
momentum oscillates in time. Finally, the response of the
probe field to this dynamics is illustrated in Fig. 3(c).
As predicted above, the probe field intensity peaks when
the atomic wave-packet reaches the BZ boundary.
B. Signal and SNR
As described in Sec. II, the probe field is combined
at the cavity output with a strong local oscillator, and
the resulting signal is proportional to a quadrature of
the probe field, Eq. (21). An example of such a signal
is plotted in Fig. 4. There is a clear peak at the Bloch
oscillation frequency in the signal power spectrum, but
there are also several harmonics present. In calculating
the SNR, Eq. (22), we place a notch-filter about ωB and
count only the total number of photons out-coupled from
the quadrature at this frequency.
There are three properties of the system that can affect
the SNR. First, the width of the initial wave-packet has
an effect. It is easiest to see why this is so by taking as
the initial state a Wannier function, which is a coherent
7superposition of Bloch states in a single band, populated
equally. According to Eq. (24), the wave-packet is con-
tinuously reaching the BZ boundary, and the oscillation
in the signal is washed out. Second, when the lattice is
too deep, the first two bands are essentially flat, in which
case ∆
(1,2)
q does not change with quasi-momentum, elimi-
nating the oscillations in the signal according to Eq. (29).
The temperature of the atomic gas can also signifi-
cantly influence the SNR. In a thermal cloud the replace-
ment, Eq. (18), cannot be made, since the atoms do
not all occupy the same state. In this case, atoms in
different lattice sites may contribute to the signal with
random phases, in which case the SNR scales with Na
rather than N2a . The temperature and chemical poten-
tial of the gas also determine the relative populations
of the various Bloch states, and appreciable population
in higher bands can destroy Bloch oscillations. A proper
treatment of thermal effects is necessary for exact results,
but here we assume the replacement, Eq. (18), is a good
approximation.
Equation (12) is numerically integrated for a time
t = 400~/ER. The resulting wave function is used to
compute the probe field amplitude, Eq. (17), which
is Fourier-transformed and squared, yielding the power
spectrum. The SNR is computed and scaled up linearly
to an interrogation time of 1s, which assumes that coher-
ence time of the Bloch oscillations is longer than 1s.
The results are plotted in Figs. 5 and 6. The SNR
climbs from zero for small wave-packet widths and satu-
rates near σ = 2d. The decrease in SNR for σ < 2d is a
result of the fact that the wave-packet is wide in quasi-
momentum, which means that a significant portion of the
wave-packet is at the the BZ boundary for all times. We
get a maximum when the lattice depth is relatively small,
|V0| ≈ 3ER, and the SNR decreases with increasing lat-
tice depth.
IV. CONCLUSION
We have described a general cavity QED system in
which properties of atomic dynamics can be probed in
situ and non-destructively. One cavity field is strong
enough to act as a conservative lattice potential for the
atoms, and the other cavity field is weak so that it acts
as a non-destructive probe of atomic motion. This tech-
nique is applied to the detection of Bloch oscillations.
Balanced heterodyne detection of the probe field at the
cavity output combined with integration in time and
across the atomic cloud allows for SNRs as high as 104.
Examining Eqs. (17) and (22), we can see that the
SNR can be increased by either decreasing the cavity
linewidth, κ, at fixed lattice depth and atom-cavity cou-
pling or increasing the coupling constant, g0, at fixed
V0 and κ. The linewidth can be increased as long as
the system remains in the bad cavity limit. However,
a linewidth of κ = 100ER is already very small from
an experimental standpoint, so increasing it beyond this
FIG. 5: (Color online.) Signal-to-noise ratio as a function
of the initial wave-packet width for an interrogation time of
1s. The different plots correspond to lattice depths of (from
largest to smallest SNR) V0 = −3,−4,−5,−10,−15ER. For
σ < 2d, the SNR is reduced due to parts of the wave-packet
constantly moving past the Brillouin zone boundary, where
the signal peaks. The SNR saturates near σ = 2d.
FIG. 6: Signal-to-noise ratio as a function of lattice depth for
σ = 2d and an interrogation time of 1s. For |V0| < 2ER, sig-
nificant Landau-Zener tunneling to the second band destroys
Bloch oscillations. For |V0| > 3ER, the SNR decreases due
to the increasing flatness of the lowest band, which in turn
decreases the amplitude in momentum space of the Bloch os-
cillations.
level is a technological challenge. On the other hand, g0
can be varied merely by varying the detuning between
the cavity fields and atomic transitions. In addition, the
SNR scales with the square of the number of atoms, so
increasing Na beyond the 10
4 level assumed in this paper
is also desirable. This can all be done to the extent that
the conditions outlined in Sec. II and Sec. III are still
met.
This scheme can be extended for use in detection of
various atomic properties, and the measurement of Bloch
oscillations itself can be viewed as a general DC probe
for atomic dynamics and states. For instance, Bloch os-
cillations may be used for measurement of fundamental
constants [16] and for Casimir forces [21]. Varying the
8detuning between two lattice beams gives rise to an ef-
fective acceleration of the lattice [29], and band physics
may be probed by varying the Bloch oscillation frequency
in such a setup. Breakdown of Bloch oscillations are a
signature of many-body effects in an atomic gas [22], and
this is signalled by a reduction in SNR compared to the
non-interacting case.
Two generalizations of this measurement technique are
readily realizable. We may implement a periodic forcing
whose varying driving frequency can be a spectroscopic
probe of atomic dynamics. The simplest examples of this
include shaking the lattice [20] and modulating the am-
plitude of the lattice [30]. Another important extension
of the method involves measuring higher-order correla-
tion functions of the out-coupled probe field. Since one
cavity field operator couples to two atomic field opera-
tors (see for instance Eq. (8)), higher-order properties of
the atoms such as density-density correlations can easily
be measured with standard quantum optical techniques.
The use of higher-order correlation functions of the probe
field is a starting point for generalizing this technique to
probe many-body physics in optical lattices.
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